EXISTENCE OF ISOPERIMETRIC REGIONS IN R'^ WITH DENSITY 



FRANK MORGAN AND ALDO PRATELLI 



Abstract. We prove the existence of isoperimetric regions in R" with density under various 
hypotheses on the growth of the density. Along the way we prove results on the boundedness 
of isoperimetric regions. 
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1. Introduction 

There has been a recent surge of interest in Riemannian manifolds with a positive "density" 
function that weights volume and area (see |1H I12| ) and in particular in the isoperimetric 
problem of minimizing weighted perimeter for given weighted volume. Whether isoperimetric 
regions exist in R" with density depends on the density. We present the following: 



Conjecture 7.1\ Let f be a radial, increasing density 
all volumes. 



on 



Then isoperimetric sets exist for 



Proposition 5.3 gives a non-radial increasing density for which existence fails. 



Following more restrictive results of Resales et al. [15j, our Theorem 3.3 proves the conjecture 
if the density approaches infinity, even if not increasing. Propositions 3.1 and 3.2 provide 
examples to show that neither hypothesis can be simply deleted. 

If the density approaches a finite limit a at infinity, we do not need to assume / radial, but 



we need some assumption on the growth (Theorems 7.9, 7.11 , 7.13) and some condition to make 



(Remark 7.16). 



isoperimetric regions bounded (Corollary 5.11). Our results cover all the standard examples 



The growth hypotheses are of two types. Theorems 7.9 and 7.11 assume that the density 
approaches the limiting value slowly in some sense. Theor em|7.13 assumes an averaging condition 
on the density, weaker than superharmonicity (Corollary 7.14). 



We prove boundedness for increasing densities in three cases. Proposition 5.1 handles R 
without assuming the density radial. Proposition 5.8 shows by example that in general di- 
mensions, further hypotheses are necessary. Proposition 5.9 handles R" with radial density. 



Proposition 5.10 instead assumes the density C^ and Lipschitz. 
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The proofs. The main step of the existence proofs (Proposition 7.4) is to show that there 
are balls arbitrarily far from the origin with "mean density" at most a. Given that, the proof 
of the existence of an isoperimetric region of prescribed volume proceeds as follows. Take a 
minimizing sequence converging to a limit F. The problem is that some volume may be lost to 
infinity, with mean density a. Since F is bounded, the missing volume may be replaced by a ball 
far from the origin of mean density a. The hardest part is to find the right growth conditions 
to provide the distant balls with mean density at most a. 

Section [6] discusses the convexity of isoperimetric sets. Section [7] gives our main existence 
results, and Section [8] collects some open problems. 

This paper focuses on M" for n > 2. In R-*^, most of our questions are trivial and much finer 
results are already known (see e.g. [T5]). 

2. Preliminaries 

Let us first set some notation and list some known results. We confine attention to Euclidean 
space M". For a background on geometric measure theory, see Giusti [6] or Morgan jlOj . The 
ball and the sphere of radius r are denoted respectively by 

B{r) := {x £ M" : |x| < r} , S{r) := {x G M" : |x| = r} = dB{r) . 

The letter / will always denote the density (lower-semicontinuous positive function on M") that 
we use to calculate perimeters and volumes. Hence, given any set E of locally finite perimeter, 
we will denote its volume and perimeter by 

\E\ :=[fix)dx, Pf{E):=f f{x)dM^-\x). 

Je JdE 

By dE we denote the essential boundary of E, which coincides with the usual boundary of E if 
it is a smooth or piecewise affine set. For a given positive volume F > 0, we set 



3f{V) := inf {P/(^) : \E\f = 



The function 3j is usually referred to as the isoperimetric function or isoperimetric profile, while 
an isoperimetric set is any set E such that Pf{E) = 3j(|i?|j). We will avoid the subscript / 
when there is no risk of confusion. The following regularity result is known; see for instance O 
Proposition 3.5, Corollary 3.8]. 

Theorem 2.1. Let f he a smooth or C^~^'°' density on M". Then the boundary of an isoperi- 
metric set is a smooth or C'''" submanifold except on a singular set of Hausdorff dimension at 
most n — 8. 

Given a set of finite perimeter E, for J^~^-a.e. x E dE the outer normal ^'_b(x) is well 
defined. Sometimes, when there is no risk of confusion, we will simply write iy{x). For x £ dE, 
let Ho{x, E) denote the inward Euclidean mean curvature, defined if E is twice differentiable at 
X. For convenience, we take the mean curvature to be the sum rather than the average of the 
principal curvatures, so that it is n — 1 rather than 1 for the unit sphere in M". If E C is 
locally the region above the graph of a function r, twice differentiable at x, then the (upward) 
mean curvature is given by 

r"(x) 



[i + T>{xy 

(see Op. 6]). A twice differentiable connected planar set is convex if and only if its boundary 
has nonnegative (inward) mean curvature. A twice differentiable connected subset of M" is called 
mean-convex if it has nonnegative mean curvature. 
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We now present a classical first variation formula and the notion of curvature in the case of 
Euclidean space M"" with a density / (for more details, see jl5l Sect. 3]). To start, we define the 
function u : M"^ — )• M such that the density / can be expressed as 

A careful computation yields the following first order expansion formulae for perimeter and 
volume. 

Lemma 2.2 (First variation formulae). Let E he a C"^ subset ofW^. For any function 
u : dE — )■ M and a small positive number e, consider the set E^ such that 

dE^ = |a; + eu{x)v{x) : x G dE^ . 

Then the following first-order expansions for volume and perimeter of Eg, hold, 

\Ee\. = \E\ +ef u(x)/(x)djr"-i(x) + o(e), (2.1) 

^ ^ JdE 

Pf{Ee) = Pf{E) + E j^^ {h^{x, E) + u{x)f{x) d.^'\x) + o{e) . (2.2) 

In view of the above expansions, it is natural to give the following definition. 

Definition 2.3. Let E he a set of finite perimeter. For any x G dE such that ve{x) exists 
(hence, for ,^f^^^ — a.e. x G dE), we define the generalized curvature with respect to the density 
f = 6" as 

dv 

Hf{x,E):=Ho{x,E) + ——{x). (2.3) 

dvE[x) 

Again, when there is no risk of confusion, we will simply write Hf[x), or even H{x). 



As a consequence of this definition, (2.2) simply reads as 

Pf{Ee) = Pf{E) +e [ Hf{x,E)uix)f{x)d.^''~\x) + o{e), (2.4) 

JdE 

thus by (2.1) (the boundary of) an isoperimetric set has always constant generalized curvature. 
To conclude this introduction, we recall the following results. 

Theorem 2.4 (|15j. Theorem 3.10). Consider a radial density f = e" on M". If v is convex, 
then halls about the origin are stable, while if v is strictly concave, then halls are unstable. More 
precisely, the second variation of perimeter for fixed volume for the hall B{r) has the same sign 
as u"(r). 

Example 2.5 ([3j, Theorems 3.23, 3.20). Consider with density < A < 1 inside the unit 
ball and density 1 outside the ball. This density is radial and nondecreasing (although neither 
log-concave or log-convex), hut it admits some isoperimetric sets which are not convex or which 
do not contain the origin, as in the first line of Figure [7[ In particular, for prescribed volume 
slightly greater than Xir, the isoperimetric profile satisfies 

3{Xtt -\-e) ^ 2A7r + cxVe . 

Alternatively, consider M? with density 1 inside the open unit hall and density < A < 1 outside 
the hall. This density is radial and nonincreasing, but again admits some isoperimetric sets 
which are not convex or which do not contain the origin, as in the second line of Figure [1} For 
prescribed volume slightly less than vr, the isoperimetric profile satisfies 

3{ir - e) 2A7r + cx^/e ; 

in particular, it is sometimes decreasing. 
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Case (a) Case (f))-convex Case (6)-chord Case {fe)-nonconvex 

Figure 1. The first row shows isoperimetric sets for density A < 1 inside the 
ball and density 1 outside the ball; the second row for density 1 inside the ball 
and density A < 1 outside the ball (Example |2.5[ ) . Some of these sets are nei- 
ther symmetric nor convex. Figures courtesy Caiiete, Miranda, and Vittone [3l 
Figures 17 and 13]; all rights reserved. 

3. Existence of isoperimetric sets 

Notice that, due to the different scaling of perimeter and volume, in regions with constant 
density the perimeter of a ball of given volume is larger when the density is larger. Hence, 
roughly speaking, isoperimetric sets try to go where the density is low. As a consequence, we 
can expect that a sequence of sets minimizing the perimeter stays close to the origin if the 
density diverges, while they wander far from the origin if the density tends to 0. Therefore, 
for a density which decreases to 0, isoperimetric sets often fail to exist. More generally, for a 
density which decreases to any limit, isoperimetric sets often fail to exist. On the other hand, 
one naively expects that existence should hold when the density is increasing, and in particular if 
the density diverges to infinity. Unfortunately, this is not true for some bumpy densities (see |15| 
Example 2.6]). 

Proposition 3.1. There exists a smooth density f on M" approaching infinity at infinity for 
which no isoperimetric set exists. Indeed, the infimum perimeter to enclose every volume ^ > 
is 3{V) = 0. 

Proof. Let us start with any radial and increasing smooth density /q which is diverging to 
infinity. Then, take countably many disjoint balls Bi moving away from the origin and such 
that Pfg{Bi) = 1/i^. Observe that the radii of these balls decrease to and the volumes 
of these balls converge to faster than 1/i'^. For any ball Bi, with i big enough, it is possible 
to increase the density in the interior of the ball, still remaining smooth, in such a way that 
the volume of the ball increases up to 1/i. Applying this procedure for all the balls, we find a 
smooth diverging density / > /o such that for each i € N big enough one has 




ISOPERIMETRIC PROBLEM WITH DENSITY 



5 



Countable unions of such balls provide sets of arbitrary volume and arbitrarily small perimeter. 

□ 

Proposition 3.2. There exists a smooth radial density f on for which no isoperimetric set 
exists. 

Proof. It is sufficient to consider a smooth radial density / such that /(r) = 1/r for r large 
enough, which is then decreasing to at infinity. Consider a ball -B_r,d centered at distance 
D ^ \ from the origin, and with radius 1 <ti R <^ D. The volume and the perimeter of this ball 
are approximatively 

\Br,d\ j jy- , Ff[BR^D) - • 

Therefore, for any given volume V > Q and for any distance D big enough, it is possible 
to take some R ~ {DVY^^ such that the ball Br^d has exactly volume V. This ball has 

perimeter Pfi^Bji^u^ w V~n~ / , which is then arbitrarily small up to take D big enough. As 
a consequence, 3{V) = for any V > 0, that is, no isoperimetric sets exist. □ 

Diaz et al. [4, Prop. 7.3] show that no isoperimetric set exists in M" with density r~P for 
< p < n. Our Proposition |5.3| will provide a non-decreasing density on M" for which there is 
no isoperimetric set of unit volume. 

We can now show a positive result, stating that isoperimetric sets exist for all volumes if the 
density is radial and diverging. This result was known before only in |15| Theorem 2.5], or 



under additional hypotheses in M"' |15| Theorem 2.1]. The counterexamples of Propositions 3.1 



and 3.2 ensure that both assumptions are necessary. 



Theorem 3.3. Assume that f is a (lower- semicontinuous) radial density on M" which diverges 
to infinity. Then there exist isoperimetric sets for all volumes. 

Proof. The basic idea of the proof is that if some volume goes off to infinity, there must be lots 
of tangential or radial perimeter. 

Fix a volume V > By approximation, there is a sequence of smooth sets Ej with volume 
\Ej\ = V and with P{Ej) \ 3{V). By the standard compactness results for sets (see for 
instance [UlIO]), we can extract a subsequence converging to a limit set E with \E\ = V as soon 
as 

lim limsup\Ej\B{R)\ =0. (3.1) 
Since by lower semicontinuity one has P{E) < liminf P(£'j) = ^{V), this means that ^{V) is in 



fact a minimum whenever condition (3.1) holds. As a consequence, if the result were not true, 
there would be then some e > such that, for each R > (and up to a subsequence) 

\E,\BiR)\>E (3.2) 

for all j large enough (depending on R, of course!). 

Let us then fix a sufficiently big number R, to be specified later, and fix also an index j for 
which (3.2) holds. Call Sj{r) the area of the slice of Ej at distance r from the origin, that is, 

5,(r) ■.= ^^--\E,nS{r)). 



Hence, (3.2) reads as 

r+oo 

/ f{r)Sj{r)dr>e. (3.3) 
Jr 

If we call 

Mj = max{Sj{r) : r > R} , /_ = min{/(r) : r > R} , 
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then of course 

P{Ej) > Mjf, . (3.4) 

Since we can choose R in such a way that /_ is arbitrarily big, it is admissible to assume that 
Alj is small. In particular, for each r > R the slice Ej Ci S{r) is a small portion of the sphere 
S{r). Hence, denoting by Pj{r) the relative perimeter of Ej in the slice Ej n S{r), i.e., 

Pjir) := jr"-2(^a(^jn5(r)) 

the standard isoperimetric inequality on the sphere says that 

Pj{r) > CnSj{r)"-'^ yr>R, 

where c„ is a suitable dimensional constant. By Vol'pert Theorem (see [16j . or [H Theo- 
rem 3.108]), we know that the equality 

d{EjnS{r)) = {dEj)nS{r) 
holds J^"~^-a.e. for almost all r; hence by co-area formula (see [HIIO]) one has 

P{Ej)> V,{r)f{r)dr>cn Sj{r)^^ f{r) dr > S,{r)f{r)dr>^^e, 

JR JR /Vf"~^ ^ M"'^ 

j 3 



thanks to (3.3). Using now (3.4), we derive 



which gives a contradiction with the optimality of the sequence Ej, since e > is given while 
/_ can be taken arbitrarily big if i? ^> 1. □ 

4. On the monotonicity of 3 

Let us consider now another question which seems quite reasonable, that is, is it true that 
the isoperimetric profile 3 is increasing? In other words, is it true that to enclose more volume 



one needs more perimeter? Theorem 4.3 will give an affirmative answer for increasing densities. 
On the other hand, the answer is negative in the case of a finite total measure V = J / < oo, 
for which 3{y — V) = ^iV) because a set and its complement have the same perimeter. 

In view of this observation, it may seem reasonable to guess that the isoperimetric function 
J is increasing if the total volume of M" is infinite, or at least if the density / is diverging at 
infinity. Such a guess is wrong. 

Proposition 4.1. There exists a smooth, diverging density f on M" such that = and 
3{t) > |1 - for all l/2<t< 3/2. 



Proof. The result will be achieved with a modification of the argument of Proposition |3.1[ We 
start with a smooth, radial, increasing and diverging density /o > 2 for which 

:J/o(i) > 4t("-i)/" VO < t < 2 . (4.1) 

(Notice that this is clearly possible, since for the standard Euclidean density /£; = 1 one has 
3f^{t) = C(n)t'^"~^)/"', and then it is enough to select /o big and diverging slowly enough). Let 
us also select a sequence of open balls Bi = Int(-B(a;j, rj)) far from each other and from the 
origin, and with Pf^^{Bi) = Notice that, since /o is diverging, each ball Bi can be chosen to 
have a volume much smaller than l/i'^, and a radius much smaller than l/i. Call rf = y^, 
so that ri <^ r^ <^ 1, and let us also call Ai = Int(i?(xj, r^)) \ B{xi,ri) the open annulus of 
radii rj and rf, and Bi = B{xi,rf) the ball with the same center as Bi and radius rf. 
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Let now Ki be a big constant such that 

fo + Ki = l, 

Br 

and define the density 

f(^\ ^ / /o(^) + Ki if ri^\x- Xi\ < rf , 
\ fo{^) otherwise 

(notice that / is weU-defined since the balls Bi are disjoint). By construction, \Bi\j = 1 for 
every i, while Pj{Bi) = Pfg{Bi) = thus '3^(1) = 0. We aim to show that, for a generic set 
E <ZR"- with \E\j^e (0, 2), one has 



Pf{E) > 2min{t(""i)/", |1 - , (4.2) 



since the thesis will then directly follow just by substituting / with a very similar but smooth 
density / satisfying / = / on every dBi. 

We take then a set E C with \E\j^ (0, 2), and we want to prove (4.2). Let us define 

E{:=Er\Bi, Ei:=Er\Ai, E^ := E \Ui{E{u E^) . 

Since the balls Bi are far enough from each other, one has 

=^'^-1 (dE \ UiB,) > \ J^"-' {dEs) ; 



in particular, since /o is diverging slowly enough and f = fo out of UiBi, by (4.1) we have 

/ ^ fix) dJ^"-Hx) > \ Pf{E,) = - Pf,{E,) > mf-'^/'^ . (4.3) 
JdE\UiBi 4 4 / 

Consider now E2 for a generic i: since rf ^ and since \E2\ j < 2 ^ 

j^""-^ (dE n Ai) > ^jr"-i(a^^) . 



Hence, exactly as before we deduce 

/ fix) d,^-\x) > \ Pn,-,K.{El) > \El\f-'^[- = \El\f-'^/- , (4.4) 

where the second inequality comes from the fact that /o is almost constant in Ai (say, fo ~ Cj 
in Ai) and then by (4.1) we have 

^fo+KAE2) ~ — ^fo\E2) > — ^[\E2\fo ) 



Finally, let us consider a generic El. Recalling that \Bi\j = 1, one has 

"-^ (^dE n 5i) > ^ min I [dEi) , (9(5^ \ | ; 

hence, arguing exactly as in ( |4.3| ) and (4.4), we obtain 

/ f{x)d^-Hx) > mm{{\El\jf'-''>/^, (1 - \El\jY^-''>H . (4.5) 
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This concludes the proof, because (4.2) follows by ( |4.3| ), (4.4) and (4.5) since clearly 

JdE JdEXUiBi i V JdEnAi JdEnBi ) 



□ 



We conclude this section with our positive result, which says that J is increasing if the 
density / is non-decreasing in the sense of the following definition. 

Definition 4.2. Given a density f, not necessarily radial, we say that f is non-decreasing if 

for any 9 € S'^^^ the function 1 1— )• f{t9) is nan- decreasing in M^". 

Theorem 4.3. Let f be a density on M" which is nan- decreasing (but not necessarily radial). 
Then the isoperimetric profile 3 is non- decreasing. Moreover, if isoperimetric sets exist for all 
volumes, then 3 is strictly increasing. Indeed, if there exist an isoperimetric set of volume V , 
then 3{V') < 3{V) for all V < V. 

Proof. Take any set E of finite perimeter P{E) and of volume \E\ = V . For any r > such that 
E ^ B{r), define 

E{r) ■.= EnB{r) ^E. 

The main observation of the proof is the validity of 

P{E{r)) < P{E) . (4.6) 

To show this inequality, consider the projection a : dE \ B[r) — t- S{r). It is immediate that a 
is strictly 1— Lipschitz, and moreover the image /(a) of a satisfies 



I{a)^[dE{r)\dE] , (4.7) 



(which in turn is contained in S{r)). The validity of (4.7) is trivial if E is bounded, but it is 
true even if E is unbounded. Indeed, let 

H = (dE{r) \ dE^ \ I{a) , 

and notice that E containes the whole cone 

C = |Ax : A > 1, x G f| . 

Since the density / is increasing, the cone C has infi nite volume, and so does E, unless 
"-!(//) = 0, which then ensures us that the inclusion ( |4.7| ) is true up to measure 0. 
As a consequence, by co-area formula [U [TU] and the fact that / is increasing, one has 

p{E{r)) = [ f{\x\) dje--\x) + / f{e) dJ^-\9) 

JdEnB{r) JdE{r)\dE 

< [ f{\x\)dJ^-^{x)+ [ f{a{x))dje'^-\x) 

JdEnB{r) JdE\B{r) 



< [ f{\x\)dM'^-\x) = P{E) 

JdE 



SO that (4.6) has been established. Now, for every < V' < V one has the existence of some 
r(V') with the property that 

\E{r{V'))\=V', 

hence 

3{V') < P{E{r{V'))) < P{E) . (4.8) 
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Our conclusions now follow quickly. Indeed, if there exists an isoperimetric set E of volume 



l-El = V, then inequality (4.8) yields 



J{V') < P{E) = 3{V) . 

This proves the second and the third claim of the theorem. Concerning the first one, for any 
e > we can take a set E such that 



1^1 = V . 



P{E) < 3{V)+£. 



Hence, (4.8) tells us 



3{V') < P{E) < 3{V) + e, 
for any V < V, and since e was arbitrary one gets the inequality ^3(1^') < 3{V) for all V < 



V. 



□ 



5. BOUNDEDNESS OF ISOPERIMETRIC SETS 

In this section we consider another property which seems reasonable. Assume that there 
exists some isoperimetric set: is it then obvious that it must be bounded? It appears reasonable 
that it should be so, at least when the density is increasing in the sense of Definition|4.2[ In fact. 



we can show that this is what always happens in the two-dimensional case (Proposition 5.1), 



but that this is false in dimension n > 3 (Proposition 5.3). However, the result is true for any 



dimension if we consider an increasing density which is also radial (Theorem 5.9). The plan of 



the section is then the following: first we show the two-dimensional result, then we present our 
"fundamental brick" for the following constructions. Then, we show with two counterexamples. 



Propositions 5.3 and 5.8, that the two-dimensional result is too strong to hold in dimension n. 



Finally, we give the general n— dimensional results. Theorems 5.9 and 5.10 



Let us state and prove our result concerning the two-dimensional case. 

Proposition 5.1 (Boundedness in M?). Let f he a density inM^ which either is non- decreasing 
(in the sense of Definition 4-2) or approaches a finite limit a > at infinity. Then every 
isoperimetric set is bounded. 

Proof. Suppose that £' C is an isoperimetric set, and let Ei be its closed connected compo- 
nents. First of all, we claim that every connected component Ei is bounded: indeed, since / is 
bounded below by some constant c > by assumption. 



+ oo> Pf{Ei) > cPenciiEi) > cdiamEi . 



(5.1) 



As a consequence, we can assume that E has infinitely many connected components; otherwise 
the claim is already proven. Moreover, each connected component is isolated by definition. 
Fix now a connected component, say Ei. Making small variations of Ei with respect to u, 



and keeping in mind formulae (2.1) and (2.4), we can consider suitable variations Ef of Ei for 
all < e < e which do not intersect any of the other Ei^s and such that 



E^ 



f 



\Ei\+e, Pf{El)^Pf{Ei)+eHf{E)<Pf{Ei)+e{HfiE) + l), (5.2) 



where Hf(E) is the generalized mean density of E, which is constant since E is isoperimetric. 
Let us now consider another component Ej, and distinguish two cases. 

The first case is when / approaches a finite limit a > at infinity. It is admissible to assume 
that Ej has distance at least R from the origin, and that it has volume smaller than e (because 
E has infinitely many connected components). This implies 



e := \Ej\j^ < {a + 6)\E. 



J I cud ' 



Pf{Ej) > (a-6)P,^4Ej), 
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and by the smallness of the volume of Ej we can assume 



1 



^1/ - Hf{E) + 2 



(5.3) 



Call now E the set we get from E by removing Ej and replacing Ei by Ef: by construction 
\E\ ' ' ' ' ' 



1/ 



and thanks to (|5.2|) and (|5.3|) we also have 



Pf{E) = Pf{E) + Pf{El) - Pf{E,) - Pj{E,) <P^{E)-e< Pj[E) , 



contradicting the minimality property of E. 

The second case is when / is nondecreasing. We will argue in a similar way as in the first 
case: writing for brevity pe'^ = {p cos 9, p sin 9), for all relevant 9 let 



p-{9) := M{p > : pe'^ G Ej} 
Pm ■■= min{p~(6')} , 



p+{e) ■= sup {p > : pe*^ G -Ej} , 
PM ■■= max{p+(6')} . 



We are then in the position of evaluating the perimeter and volume of Ej. Concerning the 
volume, one has 



£ : 



\E, 



<PM / f{p^{0)e^n 



p+{e) 

f{pe'')XE.{pe'') pdpd9 

p-{e) 

''''' 



Xe. {pen dpd9 < pmL / f{p+{9)e'')d9 . 

p-{e) ^ 



(5.4) 



where 



L := max 



p+(e) 



Xe, {pe'') dp 



ip-{e) ' 

is the (weighted) length of the maximal radial slice of Ej. Concerning the perimeter, let 



dE+ := [p+{9)e'^ : p+{9) > o} C dEj , 



and let denote the Hausdorff one- dimensional measure on with density /. We can then 



evaluate 



Pf{E,)=jr}{dE,)>J^-}{dE+) > / f{p+{9)e^')p+{9)d9>pm / f{p+{9)e'')d9. (5.5) 



Hence, putting together ( |5.4[ ) and ( |5.5[ ), we find 

1 Pn 



Ei 



L PM ' ^'^ 



(5.6) 



Recall now that the volumes and diameters of the components Ej go to 0. From this, we can 
assume that e < e, as well as that 



1 Pm 
L PM 



> Hf{E) + 2. 



(5.7) 



Consequently, if we call E the set we get from E by removing Ej and replacing Ei by -Ef , we 
have that \E\j 



and thanks to (|5.2|), (|5.6|) and (|5.7|) we also have 



Pf{E) = Pf{E) + Pj{El) - Pf{E,) - Pj{E,) <Pf{E)-e< Pj{E) , 
contradicting the assumption that E is an isoperimetric set. 



□ 
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Proposition 5.3 will show with a counterexample that Proposition 5.1 is no longer true in 



dimension n > 2. The dimension n = 2 played a crucial role in (5.1) when we estimated the 
perimeter of a connected set by its diameter. Such an estimate fails in dimension n > 3, since 
thin tentacles can have large diameter and small perimeter. 

Let us now introduce the fundamental brick for our future examples of this section. We 
work in for simplicity, but the same construction works for any dimension n > 3. Let us use 
spherical coordinates p, (j), 9. This means that, for any p > 0, < 9 < 2tt, and < (j) < n we 
denote by {p, 9, (j)) the point whose standard Euclidean coordinates are 

p cos (j), p sin (j) cos 9, p sin (j) sin ( 

Definition 5.2 (The fundamental brick). Let Ri < R2 be positive big numbers, let (pQ > 
be a small angle, and let 1 <^ N <^ M <^ W be three big numbers. Let us define the set E (^W^, 
as shown in Figure since our whole construction does not depend on 9, the drawing shows 
just the plane where 9 = or 9 = tt. The boundary of E is given by 



dE 



:= = 00, ^1 < P < i?2} U {0 < < (1)0, /) = iJa} U r , 



where T is a spherical cap of radius 1 containing the circle {p = Ri, (p = (po}- Let 7 : (0, (po) 
be the function such that 

T={{p,9,(P): {)< (P < (Po, p = -i{(P)] . 

Finally, we can define the density f as 




Figure 2. The fundamental brick E for our examples of nonexistence and nonboundedness. 



N 


if (p> (pQ 


P<Ri, 


M 


if (p> (pQ 


Ri < P<R2, 


N 


if (p = (Ao, 


P<R2, 


N 


if (p< (po, 


p < 7(0) , 


M 


if (p< (po, 


7(0) < p<R'. 


W 


if p> R2 





This density is non- decreasing and not radial. The set E is clearly a good candidate to be 
isoperimetric, since it lies in a zone where the density has the huge value M , but most of its 
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boundary lies where the density has the value N <^ M , namely, all the boundary except the part 
where p = R2. Let us now fix a small number e > and set cpo, Ri and R2 so that 

Ri = \, R2 = Ri + -, R2sm(t>o = . (5.8) 

A simple evaluation of the perimeter and volume of E gives 

|^|^wMe^/^ Pf{E) ^ N e^/^ + M e^^/^ . (5.9) 

We are now already ready to prove the non-existence result. 

Proposition 5.3 (Non-existence). For n > 3, there exists a non- decreasing density on 
such that general existence of isoperimetric sets fails. Indeed, 3(1) = 0. 

Proof. We work in for simplicity; the same argument works in all higher dimensions as well. 



Let us take a sequence Ej \ 0: correspondingly, as described in Definition 5.2 we take sequences 
R2,j and (/)o,j fulfilling (5.8) and we have the corresponding densities fj and sets Ej in M'^. 



Recalling (5.9) we can choose Nj and Mj of order 



in such a way that 



1^. I/, = 1 > Ph (Ej) ~ + +ej^O. 

Let Wj = Nj^i. Provided £j is chosen sufficiently rapidly decreasing to 0, we have 

R2,j < Ri,j+i , Mj < Wj = Nj+i . 

Finally, we can define a single density / on M'^ just setting 

f = f, onB{R2,j)\B{R2,j-i), 

so that / is non-decreasing and diverging. In this way, all the sets Ej are disconnected (and 
very far from each other), and the density around each Ej coincides with fj. As a consequence, 
all the sets Ej have unit volume, but their perimeters are going to 0. In particular, Di(l) = 
and there is no isoperimetric set of volume 1. □ 

Our next goal is to show an example of non-boundedness of an isoperimetric set. This 
cannot be done, of course, with the very same construction as in the preceding example, since 
in that case there was no isoperimetric set at all! We will present a slight modification of the 
argument, where the isoperimetric set will intersect all the sets Ej. To show its optimality, we 



will need to use the following Propositions 5.4 and 5.7 



Proposition 5.4. Let e be a small positive number, let 4>q, Ri, R2 be according to (5.8), and 



let W ^ M ^ N ^ 1 be so that the corresponding fundamental brick E and density f of 



Definition 5.2 satisfy \E\f < 1. There exists a universal constant c > such that, for any set 
F C with \F\ < 1, one has 

P{F)-P{Fr\E)>c\F\E\. (5.10) 

The proof will use the following two lemmas, the first of which we state without proof. 

Lemma 5.5. If C CI M" is a convex set, then the projection vr : M" \ C — )• C, which associates 
to any x ^ C the closest point 7r(x) S C, is 1—Lipschitz. 

Lemma 5.6. Let B(r) be a ball of radius r and S{r) its boundary, and let F C M" \ B{r) be a 
set of volume |-F|cuci ^ 1- Then there exists a constant c(r), depending on r but not on F, such 
that 

\F\euci < c(r) ( {dF \ S{r)) - J^^~^ {dF n 5(r) 
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Proof. Let F be as in the claim, and define G = F U B{r). By the isoperimetric inequaUty, 



IGleuci) " < ^'cuci(G) = Peuci(i^) + Pcnci{B{r)) - 2M"'-\dF H 5(r)) 



n-1 ^ ^gp ^ ^(^^^ _ ^„-l ^gp ^ ^^^^^ 



Hence, 



J^''~\dF\S{r)) -Jir-\dFnS{r)) > nuj^ (\G\ 



cucl 



nOJnT 



„n-l 



= ncj^l (^a;„r" + |F|eucl 
so that the result follows by taking 



nw„r"-^ > (n- 1) r" + 



UJr. 



\F\ 



eucl ; 



c(r) = ( r" + — 

n — I \ Ur, 



Having these two lemmas in hand, we are ready to prove Proposition 5.4 




Figure 3. The sets Fi, F2 and F3 for Proposition 5.4 



□ 



Proof of Proposition\5^ Given a set F C M^^ F+ = F\E, and write F+ = Fi U F2 U F3, 
where 

Fi = F+nB{Ri), F2 = F+n (5(i?2)\5(i?i)) , F3 = F+ \ S(i?2) . 

For simplicity, we start assmning that the closures of the three sets are disjoint. The situation 
is depicted in Figure [3j Defining, for i = 1, 2, 3, 

dF+ = dFi \ dE , dP- = ^F^ n dE , 

one readily observes that 

P{F) - P{FnE) > jej (dP^ U dP^ U dPr^) - J^j (dF{ + [JdP:^ U dF^\ . (5.11) 
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Consider now Fi: Lemma 5.6 immediately tells us that 

|i^i| = iV|i^i|euci < Nc(^Jif^dF+) - Jif^{dF^ 
= c[j^){dF+) - M'){dF^ 
Let us then study F2. Since IF2I < 1, the isoperimetric inequality tells us that 



5.5 



we have 



-ouci[F2)>c\F2\l,^,. 
Moreover, since the projection of on E contains dFi^ , by Lemma 

J^''[F^)>J^\F^)- 

hence by ( |5.13[ ) we get 

J^){dF^) - J^}{dF^) = MJ^'^{dF+) - NJ^'^{dF^) > (M - N)jr^{dF+) 



(5.12) 



(5.13) 



M -N 



M -N 



2 

leucl 



> ^ i^eucl(i^2) > C ^'^ ^ ^' |F2li„, > C 

The very same argument works also for F^; hence we also have 

W -M 



M -N 
2Mi 



^2 



^}{dF,+)-^}{dF,~)> 



2Wl 



(5.14) 



(5.15) 



Inserting ( |5.12[ ), ( |5.14[ ) and ( |5.15| ) into ( |5.11[ ), and recalhng that 1 <C <C M <C PF, we have 

P{F)- P{Fr\E) > c\F+\ , 



that is, ( |5.10[ ). 

We now consider the general case, where Fi, F2 and F^ might have common boundary. In 
this case, of course (5.12), (5.14) and (5.15) still hold, but (5.11) is no longer true and a little 
more care is needed. Let us define 

J := dF+ n dF+ , 

so that ( 5.11[ ) becomes 

P{F) - P{Fr\E) > 



K := aF2+ n 9Fo+ , 



^i[dF+ U dF+ U dF^ 



2jr|(J) - 2M'){K) 



(5.16) 



- J^j [dF^ + UdF:^ U 3^3- 

Observe now that the projection of dF2 \ J on dB{Ri) (resp. E) contains J (resp. 9-^2")' hence 

Jf"^ {dF+ \ J) > ( J) , JT^ {dF+ \ J) > (^Qp^ ^ _ 

As a consequence, ( |5.14[ ) can be improved to 
je){dF^) - jrj{dF^) - 2jrf (J) = Mjr^{dF+ \j) - N.^'^{dF^) - Njr^{J) 



> (M - 2N)j^'^{dF^ \J)> 



M -2N 



Pcucl{F2) (517) 



> c 



M -2N 



^2 



/■ 



In the very same way, ( |5.15[ ) becomes 



je}{dF+) - J^}{dF^) - 2^){K) > c 



T^-2M 
31^1 



(5.18) 



Hence, inserting ( 5.12[ ), ( |5.17[ ) and ( |5.18[ ) into ( |5.16 ), we get the general validity of (5.10). Notice 
that the constant c coincides with c(l) in Lemma 5.6 hence it does not depend on the choice of 
Ri, R2, (po, N, MorW. □ 
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Proposition 5.7. Consider a set E and a density f as in Definition\5.S\ and suppose that 



Pf{E) <-^\E\, 



(5.19) 



where c is the constant of Proposition 5.4' There exists a set G Q E such that \G\ > \E\/2 and 
that, for any other FOE, one has 

P^{F)-Pf{G)>^{\F\f-\G\f). (5.20) 

Moreover, the inequality is strict for any F C E such that \F\ < |i?|/2. 

Proof. By lower semicontinuity of the density and by compactness, for any < ^ < there 
exists a set Fy ^ E minimizing the perimeter among aU the subsets of E with volume V. 

Let us then consider the continuous function 3e '■ [O, \E\] — )• M"*" defined by CJ_e(V^) = P^Fy) , 

let 

A := mm^^EiV) - ■ 0<V < , 

and let 



V := max jo <V <\E\: 3e{V) 



V = X 



}• 



We claim that G := Fy is as required 



First of all, notice that V > \E\/2, due to the fact that for any V < \E\/2, by (5.19) we get 

' -\\E\<-^E(y)-\\E\<-^E{y)-\v • (5.21) 



\<-^e{\e\)--^\e\ = p{e)---\e\< 



We only have then to check that (5.20) holds. To this aim, take any set F <Z E and suppose 
without loss of generality that F = Fy for some V. Hence, to show (5.20) one just has to notice 
that 

^ 3E{V)-3EiV)>l{V-V), 



PfiE)-Pf{G)>^{\F\j-\G\f 



which is in turn true by the definition of V. To conclude, we observe that inequality (5.20) holds 
strictly whenever |F| < \E\/2 thanks to (5.21). □ 

We are finally ready to show our example of a non-bounded isoperimetric set. Notice that 



the Proposition 5.8 below is false for n 
false for n = 1. 



2 thanks to Proposition 5.1, and it is also trivially 



Proposition 5.8 (Non-boundedness). For each n > 3, there exists a non- decreasing density 
on M" and a volume V such that there exist isoperimetric sets of volume V , but none of them 
is bounded. 

Proof. We treat the case n = 3; the other cases are the same. We will divide the proof into 
three steps. 

Step I. The geometrical setting. 



We will again use the fundamental brick E of Definition 5.2 and Figure [2j As in Proposition 5.3 
we take a rapidly decreasing sequence ej \ and sequences Rij, R2, i an d cpoj fulfilling (5.8). 

^, so having (5.9) in mind we take Nj 

-7/3 



This defines correspondingly densities fj and sets Ej C 

1/3 



and Mj of order 



2^ 



Mi 



2J 



in such a way that 



\E. 



1 

2J 



pfAE,: 



E. 



0. 



(5.22) 
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Mi < Wi = Ni 



Defining Wj = Nj^i, we observe that 

i?2j ^ Rl,j+1 ) 

and we define the density 

f = f, onB{R2,j)\B{R2j-i) 
on R^, which is nondecr easing and diverging. 



By (5.22), it is admissible to assume that 



f 



for all j; hence by Proposition 5.7 we can also define the sets Gj having volume Vj > \Ej\/2 
in such a way that (5.20) holds true. Here, and in the rest of the proof, c is the constant of 
Proposition 5.4 Finally, we set E := UjEj and G := ^jGj. We will show that G, which by 

imetric se 



construction is not bounded, is an isoperimetric set of volume 

" 1 



Step II. Removing the external part. 

Let us take a generic set F of volume |-F| = V, and call F"^^* = F \ E. Our goal in this step is 
to show that 

P{F)-P{FnE)>'^\F\E\, (5.23) 

that is, (5.10) still holds with a worse constant. To this aim, for any j £ N let us consider the 
region 



FnB 



R2,j + Ri,j+i , 8 \ / R2j + Ri,j+i _ 8 
2 cj" \ 2 c 



take 



— '-^ y < Pi < — h - 

2 c-^^ - 2 c 



to minimize je^{Fr\S{p)), and define 

F,=F-*n5(p,)\i?(p,-i). 
As in Proposition 5.4, for any j, let 

dF+ = dFj \ dEj , dF- = dFj n dEj . 

We can observe that 

- P{FnE)>Y^ ^) {dF+) - {dF-) - 2,y^) (f^^* n s{pj 



and Proposition 5.4 ensures us that for any j 



(5.24) 



(5.25) 



Let us now consider more closely the slice _F^^* n 5(/9j). If one has that 



Pi 



< 



R2,j + Ri,j+i 



then by definition we have 
On the other hand, if 



Pj 



> 



R2,j + Ri,j+i 
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then for the same reason we get 



FA > 



In any case, we can then conclude that 



J^) ( F^^* n S 



<^[\F3\ + \F,+r 



and adding up this impUes that 



'2 ^ pext 



n S{p, 



< 



Inserting this last inequahty into (5.24) and recaUing (5.25) for the last time, we get (5.23). 
Step III. Conclusion. 

We are now ready to conclude the proof. Take a general set F with \F\ = V. By Step II we 



know that (5.23) holds. Let F*"* = F n F, and write F'' 



yiint 



UjFj where 



Thanks to (5.20), we know that 

Pf{F, 



> 



F, 



for all j. If we add up this inequality for all j, we find 



G 



P^(i.-*)_P^(G)> |F 



1/ 



3\f 



\G 



(5.26) 



and adding this to (5.23) we get 



F/(F)-F^(G)>- |F 



-lint I 



\G\f + \F\E\ 



0. 



2 V 1/ 11/ ' I ' i/y 
Since F was arbitrary, we have finally proved that G is an isoperimetric set of volume V, and it 
is unbounded by construction. It remains to be shown that any isoperimetric set of volume V 
is unbounded. Suppose then that F is an isoperimetric set of volume V, so that all the above 



inequalities are equalities. The fact that (5.26) is an equality implies, by Proposition 5.7 that 



\Fj\ > |Fj|/2. This tells us that F intersects each Ej, and in turn this ensures that F is not 
bounded. □ 

We can now show the result about the boundedness of an isoperimetric set in dimension 
n > 3. This result is weaker than the two-dimensional result but, thanks to Proposition 5.8, it 
is also sharp. 

Theorem 5.9 (Boundedness in R", I). Consider a radial, non- decreasing density f on R". 
Then every isoperimetric set is bounded. 

Proof. Let E be an isoperimetric set and assume that it is not bounded. Let 

E{r) := E n B{r) C E , Er := E r\ S{r) , 

P{r) := J^f^{dE\B{r)) , V{r) := J^J {E \ B (r)) ; 

that is, F(r) is the part of E inside the ball B{r), E^ is the slice of E at distance r from the 
origin, and P{r) and V{r) are the perimeter and the volum e of E outside of the ball B{r). Recall 

we proved that P{E{r)) < P{E), 



that, with the same assumptions and notation, in Theorem 



in equation (4.6). Since 



4.3 



p(F(r)) = P(F) - F(r) + 
the last estimate can be rewritten as 

F(r) > Jf]-^{Er) . 



Er 



(5.27) 
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Considering only radii r > 1, the standard isoperimetric inequality in the sphere tells us that 
for any subset Er of the sphere S{r) having area at most half of the sphere, one has 



n — 2 
n-1 



where dEj. denotes the boundary of E^ inside S{r). And in turn, if E has bounded perimeter, 
than J^~^{Er) < {S{r)) for all r big enough. Recalhng that in S{r) the density has 

the constant value /(r), the last inequality is equivalent to 



J^f'^{dEr) > c{m'T^{E, 



n-2 
n-1 



1 

n-1 



which in turn by (5.27) leads to 

J^f'^{dE,) > cP{r)^J^'J-\Er) , 



(5.28) 



where we have also used the fact that / is bounded from below (notice that the positive constant 
c may decrease from line to line). 
Now, observe that 



dP{r) 
dr 



dP{r) 



dr 



and that 



hence (5.28) can be further rewritten as 

a 



dr 



p{ry 



> jr}-^{dEr) 
dv 



Recalling that both P{r) and V{r) converge to when r goes to +oo, an integration over r 
yields 

n 

P(r)^ > cV{r) . 

Arguing exactly as in (5.2), we can pick R £ M such that E n B{R) ^ and observe that for 
< e < e it is possible to define a set Eg, such that 



E, \ B{R) = E \ B{R) 



E, 



\E\+e, 



P{E,) <P{E)+e{H{E) + l) 



If we take then r > R such that e = V{r) < e, and we define E = Ef,r\ B{r), then of course 
\E\ = \E\, and moreover 

P{E) = P{Ee) - P(r) + .J^^]-\Er) < P{E) + e{H{E) + l) - ce^ + J^Y^iEr) . 

Since we can have e arbitrarily small up to take r ^ 1, and since E is an isoperimetric set, we 
deduce that for all r S> 1 one has 

n-1 



that is, 

or, equivalently, 



^]''{Er) >ce- 
dV 



dr 



(r) > cV{r)^ , 



d_ 
dr 



y(r)") > c. 



This last estimate gives a contradiction with the assumption V{r) > for all r, and the proof 
is complete. □ 



We show now with our last result about the boundedness of isoperimetric sets. 
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Theorem 5.10 (Boundedness in M", II). Let f be a density on 
for some constant C > 0. Then every isoperimetric set is bounded. 



r such that \Df \ < Cf 



Proof. Let E be an isoperimetric set. Then, the generahzed mean curvature Hf is constant on 
dE (see Definition 2.3). Recah by (2.3) that, writing f = e" , one has by definition 



Hf{x,E) = Ho{x,E) + 



dv 



(x) 



dvE{x) 

for all X G dE such that the normal ve{x) to dE at x exists. The assumption \Df \ < Cf ensures 
that the second term on the right in ( |2.3| ) is bounded. Therefore, the Euclidean mean curvature 
Hq of dE also is bounded. As a consequence, the perimeter of E inside a unit ball centered at 
points of dE is bounded by below by a strictly positive constant: this comes from the so-called 
monotonicity of the mass ratio, see \W\ Chapt. 9 and 11.2]. Since the set has finite perimeter, 
it readily follows that it is bounded. □ 

Let us conclude by collecting in a single corollary our three boundedness results, namely. 



Proposition 5.1, Theorem |5.9| and Theorem 5.10 



Corollary 5.11. Let E be an isoperimetric set in 
of the following three hypotheses hold: 

(1) n = 2 and f is increasing, or 

(2) / is radial and increasing, or 

(3) / is and \Df \ < Cf. 



with density f. Then E is bounded if any 



6. Geometric properties of isoperimetric sets 

In this section, we want to discuss some geometric properties of isoperimetric sets, namely, 
whether or not they are radial, or convex, and whether or not they contain the shortest paths 
between their points. We point out that the results of Section [7| do not depend on those of the 
present section. 

We start with spherical symmetrication (cf. [21 Sect. 9.2], [13, Remark 4]). 

Definition 6.1. Let E C R". For any p > 0, define Ae{p) as the area of the section Ed S{p). 
Define the spherical symmetrization of E the set E* C W^such that Ae* = Ae, and such that 
E* n S{p) is a spherical cap centered at (p, 0, . . . , 0). 

The operation of symmetrization has the great advantage of simplifying the set, while main- 
taining volume and reducing perimeter. The proof of this fact is quite similar to the standard 
proof for Steiner symmetrization (see ][7]), so we will just give a sketch for it. 

Theorem 6.2. Let f be a radial density on M" and let E be a set of finite volume. Then the 
spherical symmetrization E* satisfies 

\E*\ = \E\, P{E*)<P{E). (6.1) 

Suppose further that E is an open set of finite perimeter, and let v{x) denote the normal vector 
at any x G dE. Lf 

z^(x) = ±^^ =0, (6.2) 

and the set 

> : < ^"-1 {E n s{p)) < (5(p) } 

is an interval, then equality holds in (6.1) if and only if E = E* up to rotation about the origin. 
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Proof. First of all, notice that the volume of any set E can be expressed as 

r+oo 

\E\ = / f{r)AE{r)dr, 

Jr=0 

so \E*\ = \E\ simply because by definition Ae* = Ae- 

Concerning the inequality for the perimeter, recall that spherical caps are the (unique) 
isoperimetric sets on spheres. Hence, the inequality P{E*) < P{E) follows by integrating in the 
radial variable and by using Jensen's inequality, exactly as in [5l Lemma 3.3]. 

Let us finally consider the case in which the equality P{E*) = P{E) holds: by the equality 
case of the isoperimetric inequality on the sphere, we deduce that each section E n S{r) must 
be a spherical cap centered at some r9{r) for 6{r) G S"~^. Moreover, by the equality case in 
Jensen's inequality, one derives also that the radial component v{x) ■ x/\x\ of the normal vector 



fix) is constant on every section EnS{r). Together with (6.2) and the hypothesis that Ie is an 
interval, this implies that the function r i— >■ 9{r) is constant, so E = E* up to a rotation about 
the origin. □ 

Remark 6.3. Observe that something more precise than the claim of Theorem |6.2| can be 
said. In fact, as the proof shows, if E is an isoperimetric set then the function r i— )• 9{r) which 
associates to any p the "center" of the spherical slice E D S{r) whenever it is not trivial, is 
locally constant. Thus, in particular, we derive that an isoperimetric set E without tangential 



boundary -that is, for which (6.2) holds- must coincide with its spherical symmetrization up 
to a rotation if both E and dE are connected. More generally, we can say that each connected 
component Ei of E for which also dEi is connected must coincide up to a rotation with the 



corresponding component of E* if (6.2) holds. Indeed, if Ei and Ej are two distinct connected 



components of E, then E*nE* = 0, since otherwise there are radial slices which are not spheres, 
against the isoperimetric property of E. 

Corollary 6.4. Assume that the density f is smooth and radial, and let E be an isoperimetric 
set with connected boundary and being equal to the closure of its interior. Then E = E* up to 
a rotation about the origin. 



Proof. By the classical regularity theorems (see Theorem 2.1), dE is a smooth hypersurface 



except for a singular set of dimension at most n — 8. Since dE is connected, then so are E and 



Ie- Thus, if (6.2) holds true, then the thesis directly follows from Theorem 6.2 It remains to 



consider the case when (6.2) does not hold, thus dE is tangential on a set of positive area. At a 
smooth point of density of such points, dE is tangential and E has the same extrinsic curvature 
and hence the same generalized curvature as the sphere S about the origin. Since both dE and 
S have the same constant generalized curvature, by uniqueness of solutions to elliptic partial 
differential equations we obtain dE = S, hence E is a ball and then E = E* as desired. □ 

Next we show under suitable assumptions that isoperimetric sets are mean-convex. 

Theorem 6.5 (Mean-convexity). Let f be a smooth, radial, log-convex density on M", n > 2. 
Then every bounded connected isoperimetric set is mean-convex at every regular point (thus, 
convex if the dimension is n = 2). 

Proof. Let E be an isoperimetric set, and let z be the point of dE of greatest distance from the 



origin. By Theorem 2.1 H is a smooth at z (since the oriented tangent cone lies in a halfspace, 
it must be a hyperplane). In particular, the classical mean curvature Hq satisfies 

Ho{z)>0. (6.3) 

Writing f{x) = e^^'^'^ for any regular point x G dE we have 

dv . . , , /. .X dv . . 
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Recalling that the curvature Hf = Hq + dv/dv is constant on dE because E is isoperimetric, as 
pointed out in Section [2} we get 

i^o(x) > Ho{z) , 

so from (6.3) we get that E is mean-convex, as required. In particular, if n = 2 (where every 
boundary point is regular), then E is convex. □ 

Similar mean-convexity holds if the isoperimetric profile 3 is non-decreasing, as shown by 
the following well-known result. 

Theorem 6.6. Let E be an isoperimetric set of volume \E\ = V and finite mean curvature in 
M" with density f. Then the upper right derivative 3'^ and the lower left derivative 3'_ satisfy 

3'+{V) < H{E) < 3'_{V) (6.4) 

(in particular, if3'{V) exists, then H[E) = 3'{V)). As a consequence, whenever 3 is nonde- 
creasing the set E is mean-convex at every regular point. 



Proof. This is an easy consequence of the first variation formulae (2.1 ) and (2.4). Indeed, choose 
any continuous function u : dE — )■ M with compact support such that 



u{x)f{x)dje''-\x 



dE 



The e expansions ii^^ (|e| ^ 1) as in Lemma 2.2 satisfy 

\Es\ = \E\+£ + o{e) , P{Ee) = P{E) + eH{E) + o{e) . 

As a consequence, since clearly 3{y + e) < P{Es), we can immediately deduce 

as well as 



3(V + e) -3(V) 
limsup ^ — < H{E) , 



3'_{V) 



lim inf 

e/-0 



3{V + e)-3{V) 



> H{E) . 



This establishes (6.4), and in particular the fact that H{E) = 3'{V)., provided the latter exists. 
Finally, if 3 is increasing, then 3\{V) > 0, thus H{E) > 0. □ 



Remark 6.7. Notice that (6.4) in particular says that 3'_^,{V) < +oo whenever there is an 
isoperimetric set of volume V of finite mean curvature. On the other hand, 3'_^_{V) = +oo in 
some situations where there is no isoperimetric set of volume V. Simple examples of this fact 
are M with density 1 on the unit interval and 2 outside, or Example |2.5| in dimension 2. A more 
involved example is the one that we gave in Proposition 4.1 , where 3'_^_{1) = oo and there are no 
isoperimetric sets of volume 1. 



Let us now consider another question, which is in fact a generalization of convexity to 
with density: that a set contain all shortest paths between pairs of points. Throughout the rest 
of this section, we will work only in and weight distance by the density. It is important to 
notice that, in general, both the existence and the uniqueness of shortest paths between two 
given points may fail. For instance, in Gauss space the existence of shortest paths is not true 
for all pairs of points, since some shortest paths pass through infinity. Our main results are 
Lemma 6.11 and Proposition 6.10 which regard the shape of shortest paths between pairs of 



points and the question of whether a shortest path between two points inside an isoperimetric 
set entirely lies inside the set. For the sake of clarity, we start with the following result, which 
is a particular case of Proposition 6.10 but whose proof elucidates the idea for the more general 
result. 
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Lemma 6.8. Let f be a smooth or Lipschitz radial density on such that the isoperimetric 
profile 3 is non- decreasing, and let E he an open connected isoperimetric set. Moreover, suppose 
that X, y G E and y = Xx with A > 0. Then the segment xy is contained in E. 




Figure 4. The situation in Lemma lOl 



Proof. Assume that the result is not true. Then, we can take two points x, y G dE with y = Ax, 
A > 0, and with the open segment xy entirely contained in \ E. For simplicity, assume 
that x = (|x|,0) and y = (|y|,0). Let us then consider the curve dE: it is the union of two 
curves, 71 and 72, having x and y as endpoints. Let F be the open bounded subset of whose 
boundary is 71 U xy, where 71 is chosen in such a way that F Pi = as in Figure |4j Finally, 
let E+ = EVJF,so that 

dE"^ = dEUxy\-fi. 

Let a : 71 — be the function a{z) = (|z|,0). Notice that by radiality f{z) = f{a{z)) for 
all z G 71, and moreover a is 1— Lipschitz and 0(71) 5 xy. By the very same argument as in 
Theorem 4.3, we get that 

/ f{z)djr\z) > [ f{z)dj^\z), 

■'71 ■'^y 
from which it immediately follows that 

P{F)<P{E), l-?^l>l^l- 

This is a contradiction of the assumption that J is increasing, since we would get 

3{\F\)<P{F)<P{E)=3{\E\). 

□ 

The following consequence is trivial but interesting. 



Corollary 6.9. With the same hypotheses as in Lemma 6.8, if moreover O ^ E, then E is 
star- shaped in O. In other words, dE is a polar graph. 

We can now give the more general result. 

Proposition 6.10. Let f he a smooth or Lipschitz density on such that the isoperimetric 
function 3 is nondecreasing. Let E he a connected open isoperimetric set, and ^ he a shortest 
path connecting two points x, y £ E. Then one has j E if 

(A) 3 is strictly increasing, or 

(B) 7 is the unique shortest path connecting x and y. 



ISOPERIMETRIC PROBLEM WITH DENSITY 



23 



Proof. If the assertion were not true, we could take two points x, y G dE and a shortest path 
7 between x and y, with the property that 7 hes entirely outside E. Then, as in the proof of 



Lemma 6.8, notice that dE is a closed curve, and it is the union of two curves connecting x and 
y. Let 7 be one of these two curves such that 7 U 7 is the boundary of a set F with E (1 F = 9. 
Letting E+ = EUF, one has that \E+\ > \E\, while 

3(1^+1) < P{E+) = P{E) + £(7) - ^(7) < P{E) = 3{\E\) , 

where ^ 

f{T{s))\T'{s)\dx 



denotes the length of any Lipschitz curve r : (0, 1) — t- . The contradiction is then found either 
because J is strictly increasing (in case (A)), or because £(7) > £(7) (in case (B)). □ 

We conclude with a simple general result about the shape of shortest paths with a radial 
non-decreasing density (notice that if the density is radial and non-decreasing then there always 
exists at least one shortest path between any two given points). 

Lemma 6.11. Let f be a smooth or Lipschitz radial non- decreasing density on M?, let P ^ Q 
be two points in Mp, and let j be a shortest path between P and Q. Then 7 lies entirely in the 
closed Euclidean triangle OPQ. 

Proof. Let C be an open half-space which does not contain the origin O, and whose 
boundary contains both P and Q. Of course, there are two half-spaces whose boundary contains 
P and Q, and exactly one of them does not contain the origin, unless the line PQ contains O, 
in which case both the half-spaces have this property. We divide the proof into three steps. 
Step I. 7 does not intersect H . 

Let a : — )■ \ iif be the function given by a{x) = x ii x £ M? \ H, while otherwise a{x) 
is the orthogonal projection of x on dH. The function a is 1— Lipschitz, and since / is radial 
and increasing one has /(a(x)) < f{x) for all x G M^. The path 007 between P and Q then 
satisfies 

i{ao^)= I f{aoj{t))\{ao^y{t)\dt< J f{j{t))\j' {t)\ = £{j) . (6.5) 
This implies that 007 also is a shortest path, and moreover a quick look at the equality cases 



above ensures that the inequality (6.5) is strict unless a o j = 7, which means that 7 cannot 
intersect the half-space H. The first step is complete. In particular, if P is a positive multiple of 
Q, that is, the line PQ contains O, then the segment PQ is the unique shortest path connecting 
P and Q. 

Step U. 7 does not cross the segments OP and OQ. 

We want now to show that 7 cannot cross the segment OP (the same argument, of course, 
will apply also to OQ). This means that, if the image of 7 contains two points Pi = 7(ti) 
and P2 = 7(^2) in the segment OP, then 7([ii,t2]) is the segment PiP2- This is an immediate 
consequence of Step I, since the restriction of 7 to [ti,t2] is a shortest path connecting Pi and 
P2, one of which is a multiple of the other by definition. 
Step in. Conclusion. 

We are now ready to conclude the proof. We may assume that neither P nor Q is a multiple 
of the other, since otherwise the lemma already has been established. By Steps I and II, 7 
cannot intersect the half-space H, nor cross the segments OP and OQ. There are then only 
two possibilities, namely, either 7 is entirely contained in the closed triangle OPQ, or 7 has an 
empty intersection with the open triangle OPQ. In the first case, we have the result, so let us 
assume that the second case holds. If O belongs to the path 7 then we are done, because by 
Step I we deduce that 7 is the union of the segments PO and OQ, which violates regularity. On 
the other hand, if O does not belong to the path 7, then by construction there must be a point 
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P' = 7(t) on 7 such that P' = XP for some A < 0. But this would imply, again by Step I, that 
the first part of 7 is a segment between P and P' , which is a contradiction of the assumption 
that O does not belong to the image of 7. The proof is complete. □ 



7. The main existence results 



In this last section we study existence for increasing densities on M". As we discussed in 
Section 3| one may expect that existence holds true for non-decreasing densities, but Proposi- 
tion 5.3 showed that this is not always the case. Existence probably holds, however, for radial 



increasing densities. 

Conjecture 7.1. Let f be a radial, increasing density on W\ Then isoperimetric sets exist for 
all volumes. 

Other open problems are collected in Section [8j We will prove this conjecture under a 
technical condition (Theorem 7.4) implied by various conditions on the growth of the density 
(Theorems 7.9, 7.11, and 7.13). Note that by Theorem 3.3 Conjecture 7.1 holds if the density 
goes to infinity. 

Lemma 7.2. Consider endowed with a density approaching a limit a > at infinity. For 
any V > 0, the isoperimetric profile satisfies 



Moreover, one has 



3(y) < n(a;„a) 
3{V) 



1 n-1 



> n 



(7.1) 
(7.2) 



y— V^oo 

To prove this lemma, the following definition is quite useful. 

Definition 7.3. Given a ball B in M" with density, we will say that its mean density is the 
number p such that 



P{B)=n(uJnp)" \B\ 



(7.3) 



The reason for the choice of the name is very easy to understand: if a ball B of radius r lies 
in a region where the density is constantly p, then its volume and perimeter are 



\B\ 



punr ' 



P{B) = pnojnr 



.n-1 



SO by (7.3) we get that the mean density of B is p. If we call pmin and psup the minimum and the 
supremum of / inside -B, it is not true in general that the mean density satisfies pmm ^ P ^ Psup- 
What is true is that 



Psup 



<p< 



PI 



sup 
n-1 ' 



(7.4) 



both the inequahties are sharp, the extreme cases being when p = p^up inside B and p = pmin 
on 3B^ or when p = Pmin 

inside B and p = psup on dB (this latter is only a limiting case since 
the density would not be lower semicontinuous) . To prove (7.4), just note that 

Pmin^^n?'"' < < Psup^nr" , Pmin^-Wnr""^ < P{B) < Psupnw^r""^ . 



We can now give the proof of Lemma 7.2 



Proof of Lemma 7.2. Fix a volume y > 0, fix e > 0, and let i? be a ball with volume \B\ = V. 
If we call, as before, pmin and psup the minimum and the maximum of / inside B, then we can 
assume that 



Pmin ^ CL £ , 



Psup < a + s , 
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provided that the bah is taken sufficiently far from the origin. Hence, by (7.4) we have that the 
mean density p oi B satisfies 

(o + e)" 

P < < a + 3ne , 

(a-e) 

provided that e is small enough, and thus 

1^ Ti — 1 J^n— 1 

'^{V) < P{B) = n{ujnp)" \B\~ < n{ujn{a + 3ne)) " V~ . 



Since e > was arbitrary, we get (|7.1[ ). 



Let us now concentrate on (7.2). To show its validity, fix an arbitrary e > and take a 
big radius R = R{£) such that a — £<f<a + e out of the ball B(R). Consider now a set 
F of huge volume V = \F\. Then, the Euclidean volume |-F|euci is very big, thus the standard 
isoperimetric inequality ensures us that 

Peucl(i^ \ B{R)) > nuji (\F \ B{R)Uncl) ~ > nool (|F|eucl - ujnR'- 

By the definition of R we deduce 
P{F)= [ f{x)dJ^''-\x)>{a-e)J^''-\dF\B(lrj) 

JdF 

>{a-£) (Pcnc\{F \ B{R)) - ncOnR") >{a-e) (nul (|F|euci - Wn^?" ) " - ncOnR' 



n-l 



>{a-e) I nuj^ ( ^ \^^^)\ _ ^^j^n \ _ ^^^j^n ] > _ 3e)nnuj^ F "n^ , 



a + e 

where the last inequality holds provided V ^ R. Since F was an arbitrary set of volume V, we 
deduce that 

, ^ , ^ 1 - n-l 

3{V) >{a- 3e)"na;^ V~ 



and finally, since e was arbitrary, also recalling (7.1) we get (7.2). □ 



We can now show that Conjecture 7.1 holds true if a particular technical condition holds. 
Recall that, thanks to Theorem 3.3 , if a density / is radial then we may assume that it approaches 
a finite limit at infinity. 

Proposition 7.4. Let f be a density on M" approaching a finite limit a > at infinity, and 



assume that isoperimetric sets are bounded (see Corollary 5.11). Let V > Q and suppose that, 
for any < V < V , there exists a ball of volume V arbitrarily far from the origin and having 
mean density at most a. Then there exists an isoperimetric set of volume V . 

In the proof of the above proposition, we will need the following simple useful result, which 
holds without any assumptions on the density /. 

Lemma 7.5. Let f be any density on M" and V > Let Fi be a sequence of sets of volume 

V such that P{Fi) — t- '^iV), and such that Xp. — ^ Xp f^''" •^^"^^ F- Then, F is an 
isoperimetric set of volume \F\. In addition, if f approaches a limit a > at infinity, then the 
following estimate holds, 

1^ n — 1 

J{V)>P{F) + n{uJna)"{V-\F\) " . (7.5) 

Proof. Take some positive number r > 0, let F^ = B{F,r) be the r— neighborhood of F, and 
for any i G N define 

Gi = FinF+, H, = F,\F+. 
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Since |-Fj \ F| — t- for i — t- oo, for all r > except at most count ably many one has 

J^]-\FindF+) ^0. (7.6) 

Observe now that 

= P{Gi) + P{H,) - 2J^f\Fi n dF+) . (7.7) 



L 



Since Xq. — Xp we have by lower semicontinuity 

P(F) < liminf P(GO . (7.8) 

Assume that F is not an isoperimetric set of volume \F\. Then there exists a bounded set E 
with \E\ > \F\ and P{E) < P{F). Take now r > satisfying (7.6) and big enough so that 
E CC F+, and let 

F, = iFi\F+)uE = HiUE. 



By construction, > V for all i ^ 1. Using the fact that E CC F~^ , Theorem 4.3, (7.7) 
and (|7.8|), one then finds 



3{V) < liminf = liminf [P{Hi) + P{E) ^ 

= liminf (P(F,) -P(Gi) +2jr;;-i(Fin5F+)) +P(S) = a(y)-P(F) + P(E) 



< W- 

This contradiction shows that F is isoperimetric. 

Let us show now the second part of the claim. To do so, assume that the density / approaches 
a limit a at infinity, and fix some e > 0. If we take r big enough, depending on e, then it is 
admissible to assume that f > a — e outside B{F,r). Arguing exactly as in the proof of (7.4) 
we can then immediately deduce that 

liminfP(/7i) > n(a;„(a-e))"(T^- |P|) " . (7.9) 



Inserting (7.8) and (7.9) into (7.7), recalling that P(Pi) — )• '3{V), and assuming without loss of 
generality that (7.6) holds for r, we immediately get that 

JL n — 1 

3{V)> P{F) + n{uJn{a-e))"{V -\F\) " . 
Since e > was arbitrary, the validity of ( |7.5[ ) follows. □ 
We now obtain Proposition |7.4| as an easy corollary. 



Proof of Proposition 7.4 Let us start by taking a sequence of sets Pj such that |Pj| = V and 



L 



1 

P{Fi) — '3{V). Up to subsequences, there exists a set F such that Xp — ^ Xp^ hence we 
can apply Lemma 7.5 If |P| = V, then we are done, since P is an isoperimetric set of volume 
V. Otherwise, assume that V = V — \F\ > 0, and recall that P is bounded by assumption. 
Therefore, we can take a ball B of volume V having mean density smaller than a and not 
intersecting P. Hence by (|7.5l) 



P(P U P) = P(P) + P(P) < n{ujna) "151"^^+ P(P) < 3{V) . 
Thus P U P is an isoperimetric set of volume V, and the proof is complete. □ 



A similar argument shows that Conjecture 7.1 is true if the volume V is sufficiently small. 

Proposition 7.6. Let f be a continuous density on M" approaching a finite limit a > at 
infinity, and such that f{x) < a for some x G M". Then there exist isoperimetric sets for all 
small volumes. In other words, there is some Vq > such that there exists an isoperimetric set 
of volume V for each < V kVq. 
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Proof. Let us start arguing exactly as in Proposition 7.4 let F be the L^^^ limit of a sequence 
of sets of volume V minimizing the perimeter, which is an isoperimetric set by Lemma 7.5 Let 
y = y — and assume that V > since otherwise F is already the required isoperimetric set. 
By the assumption /(x) < a and by the continuity of /, there exist some 6 > and r > such 
that every ball B contained in B{x, r) has mean density smaller than a — 6. Let then > be 
a small constant to be determined later: if V is small compared to |i3(x,r)|, there exists some 
ball B C B[x, r) such that 

\F[JB\ = V , \Fr\B\ < 7]. 

Recalling ( |7.5| ), if rj is small enough compared to 6 we can estimate 

3{V) <P{FUB)< P{F) + P{B) < P{F) + n{ujn{a - 6))"\B\^ 

1_ . — . 71 — 1 \_ — ri — 1 

<P(F) + n(a;„(a-5))" |F + r/| " < + n(t<;„a) " < , 



which gives a contradiction. Therefore, we deduce that necessarily F = 0, so that the existence 
of an isoperimetric set is given by F itself. □ 

Remark 7.7. Notice that in the above proof we showed something stronger than the existence 
of isoperimetric sets for small volume V . In fact, we have proved that for every minimizing 
sequence there is no mass vanishing at infinity. 



When the density is smooth, we can now strengthen Proposition 7.6 to conclude that small 
isoperimetric sets are close to round balls. 

Proposition 7.8. Let f be a smooth density on M" approaching a finite limit a > inf^n / at 
infinity. Then for small volume isoperimetric sets exist and are smoothly close to round balls 
near a point of minimum density. 



Proof. Let F be an isoperimetric set of sufficiently small volume, which exists by Proposition 7.6 
The proof that F is C°° close to a round ball follows the argument in [14^ Sect. 2], which we 
now summarize and which may be consulted for details and further references. By Heinze- 
Karcher, the classical mean curvature of dF is bounded by CiP{F)/\F\, which in turn is less 
than C2\F\^n, By monotonicity, the surface area inside a ball of radius about a point 

of the surface is at least C3\F\^^ . Since P{F) < C4\F\^^ , we get that dF and hence F is 
contained inside C5 balls of radius Cgl-F]". Let |F| approach and scale up each ball by 
The limit is an isoperimetric region in C5 copies of M" each with constant density, hence itself is 
made by C5 sets which are either balls or empty sets. Since the limit is an isoperimetric set, it 
must be a single ball and C5 — 1 empty sets. Since mean curvature is bounded, C^'" convergence 
follows by Allard's regularity theorem. Higher order convergence follows by Schauder estimates 
(also see [9l Prop. 3.3]). An easy computation shows that it is best for the set to be near a 
point of minimum density. □ 

We now give our first major existence theorem, under a hypothesis that the density ap- 
proaches the limiting value slowly. 

Theorem 7.9. Let f be a density on M" approaching a finite limit a > at infinity, and assume 
that the isoperimetric sets are bounded. Suppose that, for every V > and for every Rq > 0, 
there is some ball B of volume V at distance from the origin at least Rq such that 

71-1 



sup/(x)<an inf/(j;) . (7.10) 



Then there exist isoperimetric sets of all volumes. 
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Proof. Fix a volume V, and let 



V 

Una 



Since the density approaches a at infinity, for some -Rmin any ball of volume V at distance at least 
-Rmin from the origin has diameter less th an r . Let us then &x < V < V, and let Rq > Rmm 
be arbitrarily big. Thanks to Proposition 



7.4 



it suffices to find a ball of volume V at distance 
bigger than Rq from the origin with mean density at most o. 

By assumption, there exists a ball B of volume V such that (7.10) holds. As explained 
above, we conclude by checking that the mean density p of i? is at most a, which follows since 



by (7.10) one has 



P< 



rsup 



inf^gB fix 



n—1 



< a. 



□ 



Remark 7.10. Notice that, in the particular case when / is radial and nondecreasing, 
then (7.10) can be rewritten in the following particularly useful way. For any Rq > and 
any r > 0, there exists R > Rq such that 

1 n — 1 

f{R + T)<a^f{R)— . (7.11) 



Proof. Assume first that (7.10) holds. Fix any r > and any Rq > 0, and let V = aa;„(r/2)"'. 
By assumption, there exists some ball B = B{x, r) having distance from the origin bigger than 
Rq and such that (7.10) is true. Since / is nondecreasing and converging to a, one has that 
r > t/2. Therefore, calling R = \x\ — r > Rq, one finds 

f{R + T)<f{R + 2r) 



sup/(x) < O" I inf f{x) 

x&B KxaB 



a" f[R)^^ 



that is, (7.11). 



Conversely, assume that (7.11) is true. Given any V > and any Rq > 0, we let 

1 

f V \ 

r = 3 



By assumption, there exists some R > Rq such that (7.11) holds. Let then r > be such that, 
calling X any point having distance R + r from the origin, and denoting B = B{x,r), one has 
\B\ = V. Of course there is exactly one such r, and since the density is converging to a then one 
has r < r/2 provided R is big enough. Hence, recalling again that / is radial and nondecreasing, 
one gets 



sup fix) 



f{R + 2r)< f{R + T)<a^f{Ry 



1^ 
a" 



inf f(x' 



that is, (7.10). 



□ 



We now give our second existence result. Although it follows from Theorem 7.9, its hypoth- 
esis is generally easier to check. 

Theorem 7.11. Let f he a radial, nondecreasing density on approaching a finite limit a > 
at infinity, and assume that, for any c > and any p > 0, there exists some R> p such that 

-cR 



f{R) <a-e 

Then, there exist isoperimetric regions of every volume. 



(7.12) 



ISOPERIMETRIC PROBLEM WITH DENSITY 



29 



Proof. We will obtain the result as consequence of Theorem 7.9 (which can be used thanks to 
Theorem 5.9). Indeed, suppose that there exists some volume for which no isoperimetric set 
exists. 

Then by Theorem 7.9 and Remark 7.10 there must be some r > and some Rq > such 
that for all R> Rq one has 

f{R + T)>a^f{R)'^ . 
Applying this inequality to R = Rq + t, which is of course bigger than Rq, one finds 



f{Ro + 2r) > anf{RQ + r)— > a- (^an/(i?o) — j = a"^^/(i?o) 
and an immediate induction argument gives, for any positive integer k, 

/{Rq + kr) > a^-i^^y f{RQ)i'^y , 



which can be rewritten as 



f{Ro + kr) ^ ( f{RQ) 



> 1 + 



n — 1 



n 



In 



f{Ro 



(7.13) 



Take now any R^ Rq, and call R' the biggest number smaller than R of the form R' = Rq + kr 

f{Ro) 



for some A; G N, so that R — t < R' < R. Applying (7.13) we find that 

R'-Rq 

/ 71 — 1 ^ 

f{R)>f{R')>a + a' 



n 



, f{Ro) ^ ^ 

m > a + a 



n — 1 



n 



In- 



(7.14) 



> a - e-^^ , 
where the last equality holds for any 



1 , n — 

< c < In 

r n 



provided R is big enough. The validity of (7.14) for every large R contradicts (7.12), completing 
the proof. □ 

Corollary 7.12. Let f be a radial, nondecreasing density on M" approaching a finite limit a > 
at infinity, and assume that f is of class outside some ball B(Rjam)- Suppose moreover that 



f'{R) = o{a-f{R)) 
for i? — )• oo. Then there exist isoperimetric sets of all volumes. 



Proof. This follows directly by Theorem 7.11, just observing that (7.15) implies (7.12). 



(7.15) 



□ 



We finally give our last major existence theorem, under a hypothesis that the average 
density around the boundary of some balls is not much greater than the average over the balls 
themselves. 

Theorem 7.13. Let f be a density on M" approaching a finite limit a > at infinity, and 
assume that the isoperimetric sets are bounded. Suppose that, for any y > 0, there exist balls 
B of volume V arbitrarily far from the origin satisfying the mean inequality 



f<a^(if 



dB 



B 



(7.16) 



Then there exist isoperimetric sets of all volumes. 
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Proof. This is again an easy consequence of Proposition 7.4 It is enough to show that the mean 



density of a ball B for which (7.16) holds true is less than a. Indeed, letting r denote the radius 
of B, one has 

n— 1 n—1 

\B\ 



P B) 



1 



IdB 

n[uJna)^\B\ n , 



/ 



B 



n-1 - 

nujnr O" 



which by Definition |7.3| yields that the mean density of B is less than a. 



Corollary 7.14. Let f he a density on approaching a finite limit a > at infinity, and 
assume that the isoperimetric sets are bounded. If f is of class and superharmonic ( at least 
far from the origin), then there exist isoperimetric sets of all volumes. 

Proof. It suffices to observe that, if i? is a ball on which / is superharmonic, then 



/ f<-ff<a^-ff) 

JdB Jb \Jb J 

and thus the result follows directly from Theorem |7. 13 



□ 



Remark 7.15. If / is a radial density, then superharmonicity corresponds to 

1 



< 



n 



fir) , 



which is a bit stronger than the concavity f"{r) < 0. It is an open question whether concavity 



suffices (see Open Problem 8.5) 



Remark 7.16. Our results cover all the standard examples. Densities such as 1 — 
approach a = 1 slowly enough to be covered by Th eorem 7.11, The density 1 — e 
fast for Theorem 



7.11 



but it is covered by Corollary 7.14 which also handles 1 — e 



r-° (a > 0) 
grows too 
and so on 



for faster growth, although it does not work with slow growth such as 1 



if a < n — 2. 



Our results may not, however, cover uneven growth. For example, take a density that 
approaches 1 rapidly, such as /(r) = 1 — e~^, so that all of our slow growth theorems do not 



apply (but this density is covered by Corollary 7.14). Then make a smooth perturbation which 



alters only slightly / and /' but makes big changes in /", so that superharmonicity fails in all 



balls of a given radius and Corollary 7.14 does not apply. It is not clear to us whether or not 



Theorem 7.13 will apply. 



8. Open problems 

In this last section, we briefly collect some interesting open problems which are strictly 
related to the results of this paper. 



Open Problem 8.1. Is Conjecture 7.1 true? Or, at least, is it true in the particular case 
2? 



n 



Open Problem 8.2. Is Theorem 3.3 true, for dimension n = 2, without the assumption that 
f is radial, or that f diverges? Of course, a positive result would be much stronger than Open 

2. 



Problem 8.1 for the case n = 2. On the other hand, in the proof of Theorem 3.3 for n 
divergence assumption played a very minor role. 



2 the 



Open Problem 8.3. Is it true for a radial density plus some reasonable further assumption that 
the origin must be contained in every isoperimetric region? Recall that the radial assumption is 



not enough by Example 2.5, 

Open Problem 8.4. Is it true, in some of the existence results of Section^ that isoperimetric 
regions must he hounded? 



ISOPERIMETRIC PROBLEM WITH DENSITY 
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Open Problem 8.5. Is it true that isoperimetric regions exist whenever the density is radial 
and concave (that is, f{x) = g{\x\) for a concave function g)? 
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